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The sludies of dytramics inherent in conrrol
syslems which incorporate sanpled datr elenrents
such a'  ert 'apnlaLor.  key\.  memory elemenr' .  etc.
are usually reduced to the analysis of difference
equalions. How€ver, this approach tends to disre-
gard the inevitable small desynchJonization of
times when sampled elements are connected. In
sooe syslems lhis desynchronization does not in-
fluencc the stability; olheres may be destabiliz€d
by any nrfinitesimxl desyDchroniation; finalty,
some unstable synchronized ststems can become
asymptotically stable foilowing the introduction of
any infiniresimal desynchronization. Th€se facts
account Jbr many phenomena observed in .he
engineering praclice that looked enigmalic when
the mathematical models ignored smali desynchro
nization. In designing the conlrollers the stabil;ry
can be achieved by introduction of lags inro the

Tbe article consists of three sections. Srcrion I
contains formulations of basic results in the stabil-
ily theory of linear desynchronized systems. Sec-
lion 2 is a discussion of sorne ways to exlend rhe
results. Section 3 provides exarnples.

All tbe assertions 3.e given without proof. The
proofs will be published in ADtomatika i Tele-
nekhanika in 79a3 1984.

l Basic .esulis

Syslems ltl are studied whose dynamics in con
tinuous time a.e described by the equalions
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Eve.y variable .rr is eitler a scalar or a veclor of a
dimenron d, .  The funcLron ) , r  o\er €!eD inrer-
val 4^ < r < I'+r of time va.iation berween ihe
insrances 4" and 4'+r lakes on a conslant vatue.
In the case of scalar variables rhe symboi d,/
denotes numbers rnd in rhe case of vecror vana-
bles it denoEs reclangular or square matrices of
associated dimensions.

L l. Srn.hn,izetl syste,nj

Below ,4 derctes a matrix wirh etemen
(whrch can be rnal.jx blockt, th" 

".d". 
.f" ;';

matrix /.1 is dr + ./1+ . . . + dx. The veclor-func-
t ion {rr(r) ,  r , (4, . . . , r , ( r ) }  is  denored as j ! ( r ) .
The sp€chal radius of ihe square matrix B (i.e. the
largesl magnitude of its eigenvalues) is desored by
t(B).

The system (1.1) is .efefed to as synchronized
tr  r i  7 ' !  = .  ,  rJ lor  ever)  , .  lhe dlndftcs
of the synchronized systen (1.1) is described by a
vector-valued diff€rence equatios

(1.2)

where r": r(r') and :r' : f ie r! : . . . :
ry). Consequ€ntly, by virtue of rhe srandard rheo-
rems I1l, a synchrodzed system i5 asymproric ly
stable irf r(,4) < 1.

The syslem (1-1) is referred 1C) as desynchro-
nized if it is not synchronized. If the sysrern (1.1) is
\ \nchronized then i l  is usuJl!  a$ur. led Lhar 4" =

0lt8'4?54l8,1/$3.00 o 1934, Elsevier Scienc€ Publisbers Bv. (Norrh-Hotl.nd)
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D",r1, rrcn,.ah r ol tp.t :r,k1,

I 0

, / l  ( i :  1, . . . ,N) where,  > 0.  I r  4^ :  " , , l  
+ 1 where

not all lhe numbers I are equal, then thc systcm
(1.1) is rererred to as phase-desyDchroniz€d and
the numbers I  as phase shi f ls .  l f  r i  = n(h+ 6,)
where not all6, are equal, th€n the syslen (l.l) is
referred to as frequency-desynchronized and the
numbers 6, as frequency shifts.

1.2. Systems insensittue to desynchtani.ations

The sysiem (1.1) is referred !o as regular if

4"  -  
.o fo!  each l ixed / :  1,  2, . . . ,N. The class ot

regula. sysrems ;s very wide, it includes synchro-
nized systems and phase and frequency-desyn-
chronized syslenls.

Theor€m l. Let the system (l.l) be rcgula\ the
matix A syhnlettical, and r(A) < ). Then the sys-
tem (1.1t is arynptotica ) stable.

Let us denole l,-41 the rnatrix whose numerical
elements are equal to lhe absolute valDe of llre
associsted elements of the matrix ''{.

Let the rcgulat sfsten (l.l)be asynptotically stable.

1.3. Phase deslnchrcni:atioh

Denote by 1,,,, ,, where I < tr < i: < . < ir
< ,v a malrix which is oblained from an identily
(nu'ner;cal or blclck) matnx by replacing rows
erumerated as i  .  i , , . . . , t r  by the associated rows
ot the mal.ix /,1. For inslance,

0
0

0
0

Theorem 2. Let the slstem (1.1) be rcgular and
r(1Al)<1. rhck l re Drte,? (1.1) is as], tptr tkul l j

Lel us assume at lhis po;nt that the systenr (1.1)
is phase-desynchronized. Let rr < r, < ... < rxi iDrs
posir ioning of  the numbers r /  crn.r lways be
achieved by changing the enumeralion of the com-
poDents jn ( t . l  ) .

Th.orenr 4. l-rr thc stste/] (1.1) be phase-desyn-
thromzed and 0 <\
s_rsren (1.1) is as)hptott(ti!! sldble ill ,(Cl<l

In the condilions of Theorem I and 2 the
system (1.1.) is asynplotically slable no nratter
v'hether ir is synchJonized or desynchronized; the
syslern (1.1) is asymptotically suble wilh large as
wcll as small differences ot switching limes. Ef
ficiency of Theorems 1 and 2 is madc slrongcr by
the possibility ro apply vrious well krown mcth
ods to estimate the spectral radii [1,2] ralhcr then
Io solve the associaled characleristic equ.ttions.
For example, if ,4 is numerical matrix then the
inequality r(1,4 ) < 1 is cerlainly true if one of the
following inequalities holds:

mu I  a, ,  < 1.  max t  d,r t< 1,  ta i  < 1.

(1.3)

In ore impo.tan! case]heo.em 2 cao be in-

Tl'eoren3. tzt A bc a nunelicalnattix an.[a,t> 0.

c: A^A.r  t  - . .  A1. ( L4.)

4 r(C)- 1 dhd th. ofttet and nuhiplicitt of eaetr
eisenDatue ol the natrix (t.4) oh the ci'u lercnte
lx1:l caihci.le, then the sfstem (7.1) 6 neutru J
stdble. In the rcmainnrg uses the s)stem (7.7) is

If so'ne of thc phase shilts r, coincidc. then m
cotrslructing thc nralrix (1.4) €lery producr,r,,,+*
... .,1- that is associated wirh a group ot identical
shi f ts ( , " ,_r
nust be replaced by one malrix,4", {--r). Fol-
l  's ing l tur  r l l  . \ .ef l iontr  of  Iheurem d r<mdrn
val id.

In Theorcm 4 the values o{ phase shifls are
unimportrn(, only thd. sequence being esseDlial.

In a general case the matrix C is diffcrcnl from
the malrix ,1. What ;s imporran! is that eilher can
be slabie or unslable independendy of rhe orher



(se€ Exampte 3.3). F om this remark and Theorem
4 fotlows the desirabil;ty of arlificially introduced
phase shifts in some cases.

The spectrum of the marrix (1.a) can be m-
vestigaled withoul conslructing the malrix.

Theo.em 5. aer d, j  re n"nbe^. l2t  0<r1<a2<
.. .<aN<h.Then the eiqenDalues of  the nat ix
(1-4) coinci.le with the rco^ ol the algebrui.al equa-
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nunber Fr, 4,...,4 of differenr matrices. Ler
ll(j, k) be the nurnber ol matrices in ihe rorality
D1(U),. . . ,Dk(H) which coincide wi lh _q. There
€xis1 rhe limits

A.F. Kteplsln ct al. / De'r,cht@izari.n ol tineot |ee^

-{l',1ro", , ]

= o.  (1.5)

ej-  | i+k-1t ,0,  
k) ,  i :1, . . . ,n, ( r .7)

moreover,  pr  +p, + .  .  +p-: l .Foreveryl :1,
2,. .., 

'n 
the number 4 can be trealed as the mean

frequency of th€ matnx -q occurring in rhe matlx
sequence r*(d). Wiih slnall N tbe numbers (1.7.)
can be easily compuled o. eslimated.

Inl.oduce the notation

q(H ): l tFU^U4|pa . . .  I  F_l le^, (r .s)

d(J1): lderrr lp ' lder41p,. . .  ldet .  F_r^ (1.9)

Formula (1.9) delermines the value of d(H) in the
case when all the numbers det 4 ar€ nonzero. If a1
least one of.hem vanishes, then let us nake d(t)
:0.

If some of thc shifts 1 coinc'de (1his includes
situalionswhere the €lemcntsd,j are matrix blocks),
rhen in (1.5) only those subdiasonal elements a,l
are multiplied by I whose subscripts i andj sarisfy
the condition 

', 
+ 

'/.

1-4. Frequencf desyn.htoni2dtion

Let us assume that the syslenr (1.1) is
frequency-desynchronized. We are inte'ested oniv
in those cases where Theorcns 1 or 2 cannot be
applied. Lel

ht= h + 61,h, :  h+ 8, . . . . ,1r : / r+6,.  (1.6)

If the periods (1.6) ar€ commersurabie, then a
minimal l?'> 0 can be found uhich is mllliple of

^ll 
i,; and then a malrix C' of lransidon tronr the

inilial slates r(0) to the stat€s x(r'): C'x(0) crn
be wriilen. In terms of the propertes of the matrix
C' assertions oD slability of the system (1.1) anal-
ogous 

'irh 
Th€orem 4 are €asily formulated. We

,re unaware of the existence of any simple (akin
with Theo.e.r 5) rules for computation of the
eigenvalues of the malrix C' directly f.om the
malrix,.t, actual construclion ol the malr;x C'
would be unwieldy, as a rule. Furthermore. the
above reasoning is;napplicable if some of the
periods (1.6) are nol conmensurablc.

L€t us choose the number fl > 0 and denole by
,"(H) a matrix of lraDsnion from the states x(rH)
to .he stales x(nH+ H):  D"(H)x(nH).  rn the
matrix sequence r.(.F/) rhere a.e only a fi'ite

Th€orem 6. t q(l7) < 1, then the sy en (r.7) is
aslnptati.d y stablc; il .1( H)> 1, then it is unsta-

The value oi 4(It) does not increase with mul!r-
pl ical ion of  H:q(nH)<s(H).  Thererore,  i f  in
verifying the condition oI Theorem 6 lhe value of
q(-aI) with some 11 is found to €xceed 1, rhen H
can be multiplied by an inleger and then t}}e
condition of ihe theorem can be verified vilh this
ne$ value of i1. lt should be borne in mind,
however, tha! wilh H or ff increasing, the number
of malrices 4 rapidly grows. Therefore, Theorem 6
is sufficiently active only with small It and ir'. An
example of using Theorem 6 is given in Example
3.4.

The value of d(}1) is in facl independenl of t/.
Therefore the verificalion of the condition i/(-al)>
1 for a single value of fl would be sufficient

I  et  C,. . . . .ov.  denore al l  rhe producr.  ,4, , , { , ,
.  . .  ,4,^ where ( i r  i2, . . . , iN) are p€rmutat ion of
the numbers (1,  2, . . . ,N).

Thcorem 7. .r/  l lc, l l  . . . . lcN,l l<1, then lor a
suliciently snal 6, and incomnensurcble in tobhy
petio^ (1.6) the system \1.1) i! astmptotica t sta-
bt t .  U det A + 0 dad ue'  dr  I  lder d,) l  .  .



lder ax,l> 1, then fot aI sullicientty sna 6; and
incommensuruhle in toralily periods (1.6') the slsten
(7.1\ is unstable.

L5. Two companenl s)eem

\(nh + h):  a ix j (nh) + aDxlbh),

. , r r  I ( ,1 + 1)( l l  + 6) l  :  d, ,  x,  (  n/ i  + ,6)

+ a,x lhh + n3) 0.10)

will be referred to as two-component. The dimen-
sions of lhe v€ctors xr and rz in the system (1.10)
are equal ro /r and /,, respectivety-

To sludy the sys.en (1.10), let us construct a
sequence of five-tuples

{^, ,  s, ,4,  s, ,4} ,  i :0,1, . . .

A.F Kt ptsrn d d|. / Detrn.hrcii.lion ol linear s!!en!

(1.r1)

(  r .13)

The construction of the sequence (1.11) is
terminated e;lher if for some t one of rhe equalities
l , :0 or I - :  t  holds or i f  0 < tr ,  < 1 and R, < 1.

Theorem 8. Ier det/ ,  detarr,  dera,+0. The
rv"pn (l l0r t\ alvnptorica , snblc ill lot sonc t
the liDeluple (1.11) hos one o/_ the folloti'ing thrce
prcpe iej .  ei ther x,-  0 anA t6,\  <1,,  ot  Xt= 1 akd
/(1i)  < 1, or 0 < I ,  < 1 a,/  R, < 1.

lh the coses ||hele 
^,:0 

ot Xt:1, the periods h
and h 6 dre conncn'utubte. Il 

^ 
=O and \S.t .

1 ot 
^t:1 

and t(Tt)> 1, then the sjnen (7.10, k
not arymptotically stable.

Whrl is imporlanl is that fie algoriihm of
Theorem 8 rapidly determines, as a ruje, wh€rher
the system (1.1) is stable. On rhe olher hand, in
compurating rormulae (1.r2) and (1.13) the com-
putation error dramatically increases (see Example
1.5).  Thus. lor rhe ab.olure error j ,  ot  mearur ing
the quantiiy tr, the estimates are valid

(z + 
"  ") ' . . .  

(2 + n, , )1 a,  >- a,

> (1 + u o) ' . . .  ( l  + n,  r ) r l l0.

where I, are numbds in rhe inleflal to,ll and q,

4, Sr, 4 are square malrices of the order dr +.i,.
Let

2h+ 6' ' "= lo t  )
, " : l ; , .  ; , ,1.  so:r .  4: . /

I f  the f ive{Dple t I , , . t ,4,  s, ,  4i  has been ob'
tained, then for 0 < I/ < I lel us set

\ ,* t :2 + n,  l ; ' ,  s , - , : Iy, .1,

\- , : Isi , .  €.,  :  4s,s,".
i , ,  r ,s:  (1.12)

where ,r : {l It'l - 1 (here [/] js rhe srearesr
integer not exceeding ,). For i < trj < I le1

l j . , : (1 r i  )  ' -n j -1,  st* i=r i 's t ,

\*1 : r; '. 'sj, q-, : I",s,,
i , .:r; '1s,
where,r :  - [1 -(1 - I / ) ' ] -1.

Associate every five-tuple (1.11) wilh the nDm-

(1.r  5)

For the absolute error A': oI mea-suring ot the
elements of the matrices S,, 4, S,, 4 the eslimale

q <QD)tIMoe + no\1. . .  iM, 1(2+",_,)1, l i ,
(1.16)

where M/ is lhe g.eatest abso^lure value of ihe
elements of the mal.ic€s SJ, \, St, Tj 

^nd 
D: dt +

,/, is the dinensjon of the syst€m (1.10). Conse-
quenlly, wilh io: l0 6 by virtue of (1.15) A, > 2'?'
.10 6 aDd the computal ion (1.12) (1.13) makes
no sense even with t = 10.

An eMmple of u. ing Theor.m 8 is given in
Example 3.6.

In the case where in (1.10) d,, are numbers and
lhe frequency shift 5 ;s small, fairly general condi-
tions for stability or unstability of the system
(1.10) can be oblained dir€ctly in lerms of ele-
ments o{ the malrix,r.

meo.en 9. Il r(AzA1\< 7, then the srstem (7.10\
is asfnptotically stable lot eue,y, 

'ullicieatD 
sna ,R,: s,  '  ^ , [4 l t \ (1.14)



I  + 0.  I l  t (AtAt)> 1 a d ei thet

la ia2zl> 1,  ara22+ aqa2t,

,1 F KlepB)n ?, ol Dps,n.h,o4rzahd oJ hncrt srren-

(1.11)

n,( / )  -  const for4"<r<4"+t

(2.2)

A silualion is described in Example 3.1 which
leads to equadons (2.1), (2.2). The dynamics of the
system in Exarnple 3.2 is described by the equa-
tions (2.1) where

la1p,, l  < 1'

(a, , -" . , ) '+. , , . , , ( t+a,Xl  + arz) + o,

(2a,,a, ,  a, ,a; ,) '  -  (a, ,  + 
" . , )

x(a, ,  + a, ,+ a, ,a. , \

x (2a,,a, ,  a, ,a, ,)  + a,,a, ,(a, ,  + a,, \ 'z + 0,

f r ' t2)

holds, then the sfstem (1.1O) is unstable for eaety,
sullicientl, smal,6 + 0.

It follows from Theoren 9 (see Exanple 3.3)
that the asymplotically stable synchronized system
by introducing the frequency shifts as small as
dcsired can become unslable and an unstable sys-
tem can becom€ nsymptotically stable. As a resuh,
introduction of arlificial frequency shifis can serve
a useful purpose in some cises.

2. R€marks

Remark 2.'1. The dynanics of the syslem ,t/ d€-
scibed by the equations

r /7-4+r\= \ - -  , /?-"r .  (2.1)

x, ( t ) :  const for4"<r<r"+r,

can be described in equivalenl terms

.:
x,(4 '+0)= L a, txt(r , "  -0) .

.x i ( r  ) :  const rorT, '<t<7,"+1.

Here x,(4" + 0) and 
'i 

(4" - 0) denore right,hand
rnd Ie[t-hand l imits.  respecrivelv.  ar rhe poinr 4"
In (2.3) lhe value of the funclion xr(t) ar switching
times is unimportana.

Equations (2.1), (2.5) are no1 generally equrva-
lent wirh (2.1).  (2.2' .  Conlequenrl) .  for {2.1).  (2.41
the above assenions need a modification ro remarn
valid.

We do nol know whether the srudi€s ol (re
system (2.1), (2.5) can be reduced !o thos€ of a
system of the form (2.1), (2.2). One padicular case
where this reduc.ion is possible is described below.

The system (2.1), (2.5) will be said to be com-
pletely desynchronized if no two of its componenrs
switch simultaneously.

Let th€ system (2.1), (2.5) be completely desyn-
chronized. Assume f iai  lor every i :1,2,. . . ,N

y,( t )=, , ( r , ' )  Ior  { ,  r  <rs 1, ,

' ,4) 
: , ,(r, ' )  tor r," < t < r,,+1 -

Then

,,(ri',): a,,y,(r,"\ + L ",;1r,,),

" ,(r," -,) : y,(r," \ .
Consequenlly, the study of a completely desyn-

chroniz€d system (2.1), (2.5) is reducjble ro rhat of
a sysrern (2.6)-(2.9) which is a system of rhe form
(2.1\, (2.2).

Remark 2.2. Consider a lin€ar system Itl whose
dynamicr in continuous lime a.e described by
equations, more general than (1.1),

(2.6)

\2.7 )

(2.8)

12.e)

(2.3) x,\ r t  ) :  La, tx j t t t  t+u, \ t ,  t , (2.10)

which are different from (1.1) in rhal exogenous
signals 

'r,( 
r) are presenl.

Assume thal for conslant exogenous siSnals
! ,( / )=a," the sysrem (2.10r has an equi l ibr ium
slate :,(r) = jri. This staG is as).rnptotically stable
(neulrally slable, unstable) iff so is rhe assocrareo
unifonn syslen (1.1).



, ,( .r , ' . ' )  :  t , l \ (r , '  ) , . . . ,"" (4')1, (2.11)

R€mark 2,3, Let us consider a nonl;near syslem ,/
whose dyramics are described ;n continuoDs time

t.F. Ktepttla et al. / Desrnchronnotion of li,et sle^

L€t the duution of all the three phases in each
processor be small in comparison with the tinre
4'"' 4" between two subsequent start ups of
the processors, Fig. 2(a). Then |he dynamics of the
multi-processor syslem t/ are described by equa-
t ions (2.1).  (2.2) (Dd wirh 

' r . ( ' )=0. 
by equarions

(1.1)).

Example 3.2. Le. in the system ttl of Exampie 3.1
the duration of the first and second phases in each
processor be small in comparison wilh that of the
inlerval between two subsequent start ups of thc

Let the computation of the new value xr".. by
formula (3.1) be slow in thal the second phase
takes up almost th€ enlire interval belween two
subsequenr slart ups of the processor, Fig. 2(b).
Th€n the dynamics of the system ,/ are described
by equations (2.1), (2.5).

Example 33. Table 1 represenls the value of the
spectnl radii r(/4) and r(,1r,ar) of four malrices,4
and associaled matrices,4rlr and the results oI
checking the condilions (1.18) of Tbeorem 9.

The dara represenled in Table I shov,s $at by
introducing pbas€ shifi! or small frequancy shifts

where xi are scalar va'iables. Lel x(r) = x* be ihe
equi l ibr ium srate of  the s) ' lem r2. l l , .  i .e.

l (x i , . . . ,x i ) :x i .  To study the stabi l i ry of  t l r is
stale let us build a firsl approximation system:

",(r,". ' l  :  L r,, ' ,(r, ').

where rj  * (al larj)()r i , . . . ,r i) .
The conventional theorems on stabitity iD the

first approximation are vatid.

3. Exanples

Exanple 3.1. Let us consider a multiprocessor
sysrem l,/ which consists of N p.ocessors P1,
P2,...,Px which exchange daia througb the buffer

-8 Gee Fig. 1). Assume fiat the workins cycle ol
every processor P, srans at specified t;mes 4r,
T,' , . . . ,7,' , . . . and consists of three phases.

Plase 1. Receprion of the contents of the buffer
B, the vector r  = [xr ,  j r1, . . . ,xN ] .

Prare 2. Computation of lhe new vatue of the
tah component of the veclor r according 1o the

., . ,ne!  -  a,1rr  + . . .+a,NxN+u,\r t ' ) .  (3.1)

P/'6e 3. Recording the resullant new value
x,,* in the app.op.iate lolalion in the bulfer B.

ri ri"

( : )

H:
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t (a)

-0.J
-0.5

0.5
0.25

0.87

l .3 l

1.0

t_0

0.5
-0.5

0.5
0.25

1.05

0.5

- 0.5

-0.6
0.2

-0.5
-0,5

-05
o.25

-0.5

0.0
-0.5

0.5

--0.5 2_0
-0.5 0.5

-..0.5 2t
0.25 - l . t

't.12

1.8?

an asymptotically stable synchronized syslen can
become unstable and an unsrable sdchronized
system can become asymptorically stable.
Eranple 3.4. Consider a rhree-atimensionat sysrcm
(1.1) wnh fie marrix

[  0.6 0.4 _0.4]
A l  -94 0.6 0 41 8.2)

\  0.4 -0.4 0.1/
Let rhe system (1.1) wnh fte natrix (3.2) be

| 
' 
eq uency-desynch ronjTe d. i.e. Tt, . nh . Ti = nh,

and 7y =,rr  where

h1:1,  h, :  \E,  h j : , /T . (3.3)
Lel us study rhe system (1.1), (3.2) wirh rhe aid

of Theorem 6. Let us choose H: nr : v5. Then
there are 10 matrjces t9:

/ 0.040 0.640 0.040 \
\ :  A,A,A :  |  -0.096 0.056 0.216 l .

\ o.+oo -0.+oo _o.roo i
l t4 l :0.e00;

0.560
o.216
0.400

0.336
0.440

- 0.400

o,:  n,urnrur:(

Fa: AzAIA)A):
0.104 0.896
0.118 0.082
0.400 -0.400

-0.050 0.538
-0.240 0.440

0.400 -0.400

0.344 0.336
-0.122 -0.030

0.400 - 0.400

0.098
-0.0r6

0.400

0.064\
-o.oor l.
-o.roo /

0.042 \
-o.oeo l ,
-0.100/

, " :  UrU,Urn.U.:(

l lFa :1.06a;

lt4lt :0.e00;

4lt: 0.e00;

4lt: 0.e00;

_3 3i3l
-0.100 /

0.024\
-0.0?4 l,
-o.roo /

, " :  n,Urn,n. : (

ll4 :0.e00;

0.042l
-o.ose l ,
o.roo/

t , :  u,n,nrnr:(

lt4 :0.e00;

0.038 \,0.079 L
-o.roo/

0.025 \
-o.or+ I,
-0.100 /

/ -o.oo2
F,o: AtA,A1AlA3: 

|  -o.122
\ 0.400

0.040l
0.056 I,

-0.r00/

0.024 \
0.040 l.
0.100/

| 0.440
t ',:,1,'1,,1, = l -n.U6

\ o.4oo
ll.)i l: r.0a0;

|  03M
t.:,r,.t..t,: | -o.zao

I 0.400

Fe= AJlA/ 'At :

0.098
0.111
0.400

0.582
o_216

-0.400

0.582
- o.263

0.400

0.538
-0.111
- 0.400

-0.050
0.036
0.400

0.349
-0.030
- 0.400

l4 l l :0.9ooi 40li :0.e00.
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E: A,A,A,A,A.
/ /  \  \ - \

"5 "- .  
+ ' [ ' * , \  r  

" ' ,  
] . , '  o

xt + 2> ,13 .  xt+ 2 ' /2 > 13

Fis. 3.

Here the norm of the matrix Fis generated by the
no'm l l r l -mart lyr l .  lx : . l . r ,  in rh( space R
and, consequently, is diclaled by the formula | -F I
: 

'J,ax,L,lf,)What remains to do is lo find the mean fre-
quencies p, or fi.dins matdces ,{. This can be
done direcr l)  b) using formulae (1.7r.  lhere i ' .
however, an ahemalive technique.

Every mat.ix -4 is uniquely represented in the
fornl Ft: QQ,. -- Or where each C, is one of the
matrices lr, lr,.{r, l. Associate matrix ,Fl that
does no. have a matrix I as a comultiplier wilh
inequality system. The first on the dght matrix of
the form.4r is associated with the symbol xr, the
second on the riSht matrix of the form ..4r is
associaaed with lhe symbol jr1 + rr, Fig. 3, etc. The
f ir . t  on lhe r ight marr i \  of  lhe form:1- i .  associ
ated $i1h the symbol x,, the second on the nghl
malrix of the form ..{, is associaled virh rhe sym-
bol r, +,h r, etc. The resullant sequenc€ of sym-
bols will be adanged as the associated matrices are
aranged in the expressio! for .4. Inser. belween
two neiglbouring symbols.xr + kir or jr, + /r, the
inequality sign ' > '. Add on the rig.h. of the rc-
sultant chain of inequalities the inequality '> 0'
and on the lefl, the inequality 'H > ', Fig. 3.

Add two more inequalitiesr 11 + mrrr > l/ and
12+ m2hz> H whete mr ( j :  1,  2) is thc nunber
of matrices of the form,4j in the expression for 4.

The resultant inequality set will be refered to
as the determining set of relations for the matrix
Ft.

A.F. Kl.pbyn d at. / D{tr.hroahatid of tineot 9i.n

13n

The determining set of r€larions for th€ matrix
iden.ifies in the rectangle 0 < rr < rr, 0 < .r, < r,
a certain region fl,, Fig. 4.

l ,emnA 3. l .  1/  rhc Aunhq' h, .  h,  and H h,
(hr> ht. h2) are incomdehsuruble in tototiry, fien
p,-h1'ht' rJies0, fu natrices F, \|hich haue a
detemining set oI rclations and p,-O for natnes
Fj which hat)e nat a detemining set ol rclations.

In r  s imi lar way a de(ermi^ing ser of 
'  
e lJ r  ion, i \

obtained when H + h3 but H > hr h,, h3. Here
every matrix ,43 must also be associared w h a
symbol rr + &,r. In lhis case the regions Or are
considered in a paral lelepiped 0<jrr  <h,,0 < x,
<h2,0<x3<hj and the numbers l r  are de-
termined by the €qualities /r : (rrn,*r) r mes 9,.

The descnbed way of determining pi is also
applicabie to systems \rhose dimension is higher
lhan three. It is needed only that the periods ftr,
ll2,...,,ftN are ircommensurable in rorality.

Using Lemma 3.1. and Fig. 4. we have pr :0.
p2: pt=0.104, pa:p5:0.061, p6:0.060, p1:

l2-1 J3 1 1

I:

I:

0

0.414214

5
0.585?36
0.536137

1
0.585?86
0.585?8?

6
0.4142r4
0.416t53

2

0.4r42r6

0.585786

3
0.535736
0.585798

8

0_495896
0.585786
0.983,149
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s, I u4ti

0.59

0.4r

0.41 0,50

0.25
-0,13

-0.25
0.19

0.12

1.00
1.00

0.50
-0.?5

-1.00

0.6!
4.49

1_00
-0.50

-0.50
0.25

0.31
0.25

0.18
-0.15

0_m
-o50

1.00
- l_00

t_12

0.39
-0.?l

1,50

0.88

7_25

o.12

1.00

0.91

0.416. ps = p,o --  0.036. t  0.09.1. Henceq(H):
0.923. Consequently, by virttre of Theorem 6 the
syslem (1.1), (3.2), (3.3) is asymprotically stable.

Esmple 3.5. Let Io: vA - 1. In rhe second row
of Table 2 the theoretical values oI the numbers tri
oblained by forinulae (1.12), (1.13) are given wilh
an accuracy oI six significant digirs. These theoret-
icat values ll of L have the rorm lir = y't - 1

^nd 
}i2k+ j - 2 + \/2 . The third row sholvs rhe

values ol lr oblained in computalion with the
single precision by HP-2100A computer.

Exampl€ 3.6. Let us tale up a frequency-desyn,
chronized two-dimensional sysrem (1.10) wirh rhe

, :(  3. i (3.4)

and switching periods
t ' : \  n+ 6:  E.

The results of the computation by formulae
(1.12) and (r.13) are summarized in rhe Table 3.

By virtue of Theorem 8 rhe systern (1.10), (3.4),
(3.5) is asymptoiicatly slable. It is inreresring ro
nole that the synchronized system (1.10) wirh rhe
.natnx (3.4) is asymprorically stable. With small
f.equency shifts il becomes unsrable (see Exampte
3.3), and with a large frequency shifr (,[: 1, l1 + 6
: y '2 I  i r  agd'n becomes r 'symproricatty 5labte.

l1l F,R- Cantrna$er. In€ lrery d/nr'dr,.es (Nouta, Mc@e,

{21 M.A. ksnGelskn, C.M- Vainicko er 9J-, Ap?toxinate
Solutim of Opddtot E.tutions (Naura, Mo$ow, 1969) (in_i i)


